INTRODUCTION
After twelve years of application in exploration geophysics (van Leewen, 2000; Lee, 2001) , airborne gravity gradiometry (AGG) is now an established technique that provides very accurate measurements of the spatial variations of the gravity field from an aircraft.
The common approach of expressing the gravity gradient tensor field in terms of its Cartesian representation provides nine measured values (five of them locally independent) at each point and these values are each dependent on the choice of coordinates. This complexity has led to interpreters either simplifying their task by only using the vertical gravitational acceleration and its first vertical gradient or exploiting the mathematical properties of the tensor to examine its invariant properties (Pedersen and Rasmussen, 1990) .
We prefer to use the physical properties of the gravity gradient tensor in order to understand what it is telling us about variations in the earth's gravity field and therefore in the geological structure. The gravity gradient tensor has a physical and geometrical meaning which is independent of any coordinate representation and is not simply a mathematical construct. The gravity gradient is the curvature of the gravitational potential.
Close to massive bodies we expect the potential field to be strongly curved and when those bodies are elongated in any direction, we expect the curvature to be greatest perpendicular to that direction. Thus there should be a clear physical relationship between the gravity gradient and the geological structure expressed in terms of the curvature.
In this paper, we seek to determine how to display gravity gradient information to interpret both structural and lithological features, and to estimate the density distribution in the subsurface environment. Although our ideas are physical, we need to express them mathematically and so we review curvature theory and show the main results.
THEORY
We are interested in the spatial variation in the gravity field, that is, spatial derivatives of components of the gravity vector field, which are the second spatial derivatives of the gravity potential. The potential is a scalar (or rank zero tensor) field, the gravity is a vector (rank one tensor) field and the second spatial derivatives of the potential form a rank two tensor field, commonly called the gravity gradient tensor. In the three orthogonal directions x, y, and z, the gravity field vector is represented by a three dimensional vector Φ k : (k = x, y, z) and the gravity gradient tensor by a matrix Φ ij : (i, j = x, y, z) where the subscripts indicate partial differentiation with respect to the subscripted variable. A tensor is a physical field independent of the choice of coordinates and therefore distinct from its representation in those coordinates.
Expressions that relate curvature to potential can be found by defining a surface S and then relating it to the potential (Slotnick, 1932) , (Figure 1 ). Consider an arbitrary point P on a surface S, let the normal to S at P, be the z axis. In the tangent plane to S at P two
SUMMARY
The application of equipotential surface curvatures and Poisson's relation to airborne gravity gradient data is presented. The mean and differential curvature of the equipotential surface, the curvature of the gravity field line, the AGG Geometry Map, the zero contour of the Gaussian curvature of the equipotential surface and the zero contour of the determinant of the gravity gradient tensor should improve the understanding and geological interpretation of gravity gradient data. mutually perpendicular lines can be chosen as the x and y axis. C is the curve of the intersection of a plane trough z, P and r with the surface S and H is a curve perpendicular to C at P. The geometrical properties of curves C and H and their relation to the potential were investigated many years ago in torsion balance research papers (Rybár, 1923; Slotnick, 1932 , Heiland, 1946 Jakosky, 1950) .
The curvature of equipotential surfaces and their application to gravity gradiometry are well known in the study of differential geometry. Calculating the maximum and minimum curvatures that occur at unique orthogonal angles and averaging them yields a constant termed the mean curvature (Condi, 1999; Hofmann-Wellenhof and Moritz, 2006) 
(1)
where K max and K min are the maximum and minimum curvatures respectively. The difference between the maximum and minimum curvature is termed the differential curvature (Slotnick, 1932; Condi, 1999 ) (K d ):
The curvature of the gravity field line (curve H in Figure 1 ), termed the plumb line in geodetics, is equal to the total horizontal gradient divided by the vertical gravitational acceleration in geophysics (Torge, 2001 ; Hofmann-Wellenhof and Moritz, 2006) (K f ):
Geophysicists using torsion balances in the 1930s were well acquainted with differential curvatures and gravity field line curvatures (Bell and Hansen, 1998; Heiland, 1940) . Evjen (1936) recognized the advantages of using the vertical gradient of gravity data. Cordell and Grauch (1985) developed the horizontal derivative method to locate the horizontal position of density boundaries. Hansen et al. (1987) used the horizontal gradient magnitude and the analytic signal for interpreting edges and dips in gravity anomaly data. Geophysicists today find gravity gradients difficult to interpret and routinely only use Φ zz in interpretation. In differential geometry the most characteristic curvature of a surface is the Gaussian curvature defined as the product of the maximum and minimum curvatures. From equations 1, 2, 3 and 4 (Dransfield, 1994) (K g ):
As in the classical case of locating well-defined vertical faults using the zero contour of Φ zz (Evjen, 1936) , one would expect that along the boundary of a gravity source either the maximum or the minimum curvature would be zero and the zero contour of the gaussian curvature should define the edges of sources. Curvatures can be combined to define local shape, for example K max and K min can be combined to form a shape index (Koenderink and van Doorn, 1992; Roberts, 2001 ) (SI):
Substituting equations (1) and (3) in equation (7):
This index defines local shape independently from scale, and can be used to classify the geometry of the equipotential surface. When applied to AGG data this is known as the AGG Geometry Map.
Poisson in the early 1800's noticed that gravity and magnetic fields could be related (Poisson, 1826 cited in Abt, 2011 . If the gravitational and magnetic potentials are generated by the same body and the density and magnetisation in the body are uniform then the relation between the magnetic field vector H i and the gravity gradient tensor is linear (Blakely, 1995) :
where G is the universal gravitational constant, ρ the density and M i is the magnetisation vector. If H i and Φ ij are measured one can calculate M i /ρ. Historically, Poisson's relation has been used to calculate or correlate vertical magnetic fields from or to gravity gradients and vice versa. Generalizing the idea of Erkan et al. (2012) that delineating regions where Poisson's is violated you can discriminate between air-filled cavities from other subsurface geophysical sources it is reasonable to expect that at the boundary between different bodies Poisson's relation will not hold. This implies that the matrix of Φ ij is non-invertible or singular at these boundaries and consequently the zero contour of the determinant of the matrix of Φ ij defines them.
MODELING
These ideas were tested using a synthetic model. Two 1 km model cubes were assigned density contrasts of ±1.0 g/cm 3 respectively in a 2.67 g/cm 3 background density. The cubes are separated by 1 km and have a depth to top of 100 m. The mean curvature calculated from the model indicates the location of the mass distribution (Figure 2) . The gravity field line curvature also maps the corners and edges of the bodies with higher values at the edges (Figure 4) . These results are entirely consistent with our expectations. The zero contour of the gaussian curvature traces the edges of sources very well ( Figure 5 ). The AGG Geometry Map is presented as an image with nine colours with each colour representing different morphologies of the equipotential surface in terms of bowl, valley, flat, ridge and dome shapes (Roberts, 2001) (Figure 6 ). The zero contour of the determinant of the gravity gradient tensor does not trace the edges or corners of the bodies; instead it traces zones of influence ( Figure 7 ). Further modelling has shown that when the bodies share a common boundary and have a symmetric contrast within a given background the contour does indeed trace the boundary (Figure 8 ). 
DISCUSSION
Curvatures of the equipotential surface provide us with direct and easily visualized information on the physics of the gravity gradiometry tensor. Because curvatures are an inherent property of the field, they are not dependent on choice of coordinates. The curvature ties the measured field directly to information of interest (location of mass, edges and strike) and it does it in a natural physical way that is easy to understand and visualize.
The modelling and application of curvatures to AGG data has identified that the differential curvature has higher spatial frequency content than the mean curvature, which helps to explain why it has a higher resolving power than other gradients when used in inversions (Condi, 1999) .
The zero contour of the Gaussian curvature when used in conjunction with the mean curvature is a good interpretation tool.
Curvature products provide detailed information about orientation and internal structure within the source bodies. The gravity field line curvature gives information about lithological boundaries and structures. The zero contour of the Gaussian curvature and determinant of the gravity gradient tensor supply objective information about lithological boundaries and structures and zones of influence and are not influenced by colour stretch biases.
A good understanding of the geology is necessary to interpret features observed in the curvature products, but the curvatures allow the interpreter to accurately map lithological contacts, structures and source geometries.
In general, there is no simple or straightforward procedure in the application of synthetic modelling to real case applications, interpretation is based in careful examination of all the images and finding consistent trends or coincident edges.
CONCLUSIONS
The gravity gradient tensor has a clear meaning as the curvature of the gravitational potential field, expressed via the curvatures of the equipotential surface and the line perpendicular to the surface. The mean curvature can be large only when there is a large mass in the vicinity and so maps of the mean curvature show variations in mass distribution. The differential curvature and the gravity field line curvature are largest when the curvature is directional and so they map the edges and corners of bodies and enhance the response from elongated sources.
Curvatures when applied together with other products that include the vertical gravity, the zero contour of the Gaussian curvature, AGG Geometry Map and the zero contour determinant of the gravity gradient tensor improve edge detection and the identification of contacts and/or bodies at depth.
The curvatures directly relate the measured field to information of interest such as location of mass, edges and strike, and they do so in a natural physical way that is easy to understand and visualise.
